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INTERVAL TOPOLOGY IN CONTACT GEOMETRY
VLADIMIR CHERNOV AND STEFAN NEMIROVSKI
Abstract. A topology is introduced on spaces of Legendrian sub-
manifolds and groups of contactomorphisms. The definition is mo-
tivated by the Alexandrov topology in Lorentz geometry.
1. Introduction
Let (Y, ξ) be a contact manifold with a co-oriented contact structure.
On every connected component C of the group of contactomorphisms
of Y or of the space of Legendrian submanifolds in Y , there is a binary
partial relation defined by setting
a Î b
if there is a positive isotopy from a to b. The family of intervals
(a, b) := {z ∈ C | a Î z Î b}
with respect to this relation generates the interval topology on C.
In Lorentz geometry, the topology generated by the family of in-
tervals with respect to the chronology relation ≪ on a spacetime X
was considered in [27, 19] and became known as the Alexandrov topol-
ogy. For a sufficiently nice spacetime, the Alexandrov topology is the
pull-back of the interval topology on Legendrian spheres in the contact
manifold of null geodesics NX by the Penrose–Low twistor map [21, 22]
sending a point x ∈ X to its celestial sphere Sx ⊂ NX , see §4.2.
A basic question about the interval topology on C is whether or not it
is Hausdorff. It is similar (to an extent) to the non-degeneracy question
for the Hofer distance [18] and its descendants [7, 29, 28].
An immediate observation is that the Hausdorff axiom is not satisfied
if there exists a positive loop in C. If that loop is contractible, the issue
persists even after passing to the universal cover of C. For instance, it
follows from [20] that the interval topology can never be Hausdorff on
the universal cover of the Legendrian isotopy class of a loose Legendrian
submanifold. Positive loops are known to be the only obstruction to
orderability [14, 10], which suggests the following problem:
Question. Suppose that C is (universally) orderable (see §2.2). Is the
interval topology Hausdorff on (the universal cover of) C?
This work was partially supported by a grant from the Simons Foundation
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The answer remains unknown in general. Using generating functions
methods [32, 8, 12], we check that the interval topology is Hausdorff
on the class of the zero section of the 1-jet bundle of a closed manifold
and on the class of the fibre of the spherical cotangent bundle of a
manifold covered by an open subset of Rn. The latter case is relevant
for Lorentz geometry as it leads to a new causal completion for some
globally hyperbolic spacetimes.
Organisation of the paper. Section 2 introduces the interval topol-
ogy and discusses its general properties. The case of 1-jet bundles
and (certain) spherical cotangent bundles is dealt with in Section 3.
The last section explores the relation to the Alexandrov topology on
spacetimes.
Conventions. All manifolds and maps are taken to be C∞-smooth.
Contactomorphisms of co-oriented contact structures are assumed to
be co-orientation preserving.
2. Interval topology and orderability
2.1. Positive and non-negative isotopies in contact geometry.
Let (Y, kerα) be a contact manifold with a co-oriented contact struc-
ture. A Legendrian isotopy {Lt}t∈[0,1] in (Y, kerα) is called non-negative
if it has a parametrisation ℓt : L0 → Lt such that
α
(
d
dt
ℓt(x)
)
≥ 0 (2.1)
for all t ∈ [0, 1] and x ∈ L0. If the inequality in (2.1) is strict, the
isotopy is said to be positive.
It is clear from the definition that the property to be positive or
non-negative does not depend on the choice of a parametrisation of
the isotopy and of a contact form defining the (co-oriented) contact
structure. This property is also obviously preserved by (co-orientation
preserving) contactomorphisms of (Y, kerα).
Example 2.1. A neighbourhood of a Legendrian submanifold L ⊂ Y
is contactomorphic to a neighbourhood of the zero section of the 1-jet
bundle J 1(L) with its canonical contact form, see Subsec. 3.1. Every
Legendrian that is sufficiently C1-close to L corresponds to the graph
of the 1-jet of a smooth function on L. A small Legendrian isotopy of
L is non-negative (or positive) if and only if the corresponding family
of functions on L is pointwise non-decreasing (or increasing).
Similarly, an isotopy of contactomorphisms {ϕt}t∈[0,1] is called non-
negative if its contact Hamiltonian
H(ϕt(x), t) := α
(
d
dt
ϕt(x)
)
≥ 0 (2.2)
for all t ∈ [0, 1] and x ∈ Y . If the inequality is strict, the isotopy is
called positive. This property is invariant with respect to the left and
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right actions of the contactomorphism group on itself. Note also that
if L ⊂ Y is a Legendrian submanifold and {ϕt} is a non-negative (or
positive) contact isotopy, then {ϕt(L)} is a non-negative (or positive)
Legendrian isotopy.
Example 2.2. The Reeb flow of any contact form is a positive contact
isotopy. (Its contact Hamiltonian with respect to that contact form is
identically equal to one.)
Remark 2.3. For a contactomorphism ϕ with ϕ∗α = efα, let
Γϕ = {(x, ϕ(x),−f(x)) ∈ Y × Y × R | x ∈ Y }
be its Legendrian graph. It is a Legendrian submanifold in the contact
manifold
(
Y × Y × R, ker(euπ∗2α − π
∗
1α)
)
, where π1 and π2 are the
projections to the first and second factors and u is the coordinate on R.
A contact isotopy {ϕt} is non-negative or positive if and only if the
Legendrian isotopy {Γϕt} is non-negative or positive in Y × Y × R.
2.2. Partial (pre-)orders. Given two Legendrian submanifolds L1, L2
in a co-oriented contact manifold (Y, kerα), we write
L1 4 L2
and
L1 Î L2
if there is a non-negative and, respectively, positive Legendrian isotopy
from L1 to L2.
For a pair of contactomorphisms ϕ1, ϕ2 ∈ Cont(Y, kerα), we write
ϕ1 4 ϕ2
and
ϕ1 Î ϕ2
if there is a non-negative and, respectively, positive contact isotopy
from ϕ1 to ϕ2.
If C is a connected component of the space of Legendrians or of
the contactomorphism group equipped with the usual C∞-topology,
then the relations 4 and Î admit obvious lifts to the universal cover
Π : C˜ → C. Namely, a 4 b and, respectively, a Î b for two elements
a, b ∈ C˜ if there is a path connecting a to b such that its projection to
C is a non-negative and, respectively, positive isotopy. (Note that 2
was used to denote the lift of 4 in [10].)
The relations 4 and Î are transitive. (This is obvious for 4 and
requires an easy interpolation argument for Î, cf. e.g. [9, Lemma 2.2]
or [10, Proof of Lemma 4.4].) It is also clear that 4 is reflexive because
a constant isotopy is non-negative.
Definition 2.4. C is said to be orderable if 4 is a partial order (i.e.
if 4 is antisymmetric) and universally orderable if the lift of 4 is a
partial order on its universal cover C˜.
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Remark 2.5. The notion of orderability in contact geometry was in-
troduced by Eliashberg–Polterovich [14] and Bhupal [5]. Varied ter-
minology has been in use since then. For instance, a closed contact
manifold is orderable in the sense of [14] if the identity component of
its contactomorphism group is universally orderable.
2.3. Interval topology on Legendrians. Let L be an isotopy class
of closed Legendrian submanifolds in a contact manifold (Y, kerα). The
interval topology on L is defined by the family of intervals
Ia,b := (a, b) := {z ∈ L | a Î z Î b}, a, b ∈ L.
The interval topology on the universal cover of L is defined in the same
way using the lift of Î.
Note that intervals form a base for a topology. Indeed, every point
L ∈ L lies in an interval between two C∞-close Legendrians. (For
instance, one can take shifts of L by the Reeb flow of a contact form.)
Furthermore, it follows from Example 2.1 that if L ∈ I1∩I2, then there
is an interval of this type contained in I1 ∩ I2.
The interval topology is obviously invariant with respect to the action
of all contactomorphisms (i.e. not necessarily co-orientation preserving,
as reversing Î does not affect intervals).
It is easy to see from Example 2.1 that the interval topology is
rougher than the Ck-topology for every k ≥ 1 in the sense that its open
sets are open in any smooth topology. Proposition 3.6 implies that re-
stricting the definition of the interval topology to a C0-neighbourhood
of a Legendrian submanifold equips its C1-neighbourhood with a topol-
ogy that is strictly rougher than the C0-topology on Legendrians.
2.4. Hausdorff-ness and orderability. The property of the interval
topology to be Hausdorff appears to be rather similar to orderability.
There are two subtle points, however. First, the interval topology is
defined in terms of Î whereas orderability is a property of 4. This
difficulty has been already addressed in [14] and [10], which we are
going to use now and in §2.5. Secondly, the failure of the Hausdorff
axiom does not formally imply the existence of non-negative loops. We
could only find a partial solution to this problem in Proposition 2.8.
Proposition 2.6. Let L be an isotopy class of closed Legendrian sub-
manifolds. Suppose that the interval topology on the (universal cover)
of L is Hausdorff. Then L is (universally) orderable.
Proof. If L is not (universally) orderable, then it contains a (con-
tractible) positive loop by [10, Proposition 4.7]. Any two elements
on (the lift of) such a loop cannot have disjoint neighbourhoods in the
interval topology. 
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The proof shows that if L is not orderable, then the interval topology
on it is not even T0. (There exist distinct points that are not topolog-
ically distinguishable, i.e. every interval neighbourhood of one of them
contains the other.) This is a general property of the interval topology
on Legendrians, independent of its relation to orderability.
Proposition 2.7. The interval topology on an isotopy class of closed
Legendrian submanifolds is Hausdorff if and only if it is T0.
Proof. The proof is based on the following elementary observation (cf.
[9, Lemma 2.2]). Assume that L, L′ ⊂ Y are two closed Legendrian
submanifolds such that L ∩ L′ = ∅. Then for any Legendrian L′′
sufficiently close to L′ in the C1-topology, there exists a contactomor-
phism ϕ ∈ Cont0(Y ) such that ϕ(L
′′) = L′ and supp(ϕ) ∩ L = ∅.
Suppose now that L1 and L2 are two Legendrians that do not have
disjoint interval neighbourhoods. Let L±1 be any two Legendrians such
that L−1 Î L1 Î L
+
1 and L
±
1 ∩ L2 = ∅.
For every ε > 0, the interval I := (L−1 , L
+
1 ) must intersect the interval
(τ−ε(L2), τε(L2)), where τt, t ∈ R, is the Reeb flow of any contact form.
Hence, L−1 Î τε(L2) and τ−ε(L2) Î L
+
1 .
If ε > 0 is small enough, we can find contactomorphisms ϕ± such
that ϕ±(τ∓ε(L2)) = L2 and supp(ϕ±) ∩ L
±
1 = ∅. It follows from the
invariance of Î that L−1 Î L2 Î L
+
1 and therefore L2 ∈ I.
The Legendrians L±1 disjoint from L2 can be chosen as close to L1 in
the C∞-topology as we wish by Example 2.1 and a general position ar-
gument. Thus, I can be made arbitrarily small in the interval topology
and therefore L2 lies in every interval neighbourhood of L1. 
The non-distinguishable Legendrians obtained from a positive loop
in a non-orderable isotopy class can be chosen disjoint by Example 2.1.
As a partial converse to Proposition 2.6, we use an argument very
similar to the one in the proof of Proposition 2.7 to show that disjoint
Legendrians in an orderable class are always separated by intervals.
Proposition 2.8. Let L be an orderable Legendrian isotopy class. If
L1, L2 ∈ L are closed Legendrian submanifolds that are disjoint as sets,
then they have disjoint neighbourhoods for the interval topology on L.
Let us emphasise that this falls short of proving that ‘orderable’
implies ‘Hausdorff’ because of the condition that L1 ∩ L2 = ∅.
Proof. Suppose that L1 and L2 do not have disjoint interval neighbour-
hoods. In particular, for every ε > 0, there exists a Legendrian L ∈ L
such that
τ−ε(Lj) Î L Î τε(Lj), j = 1, 2,
where τt, t ∈ R, is the Reeb flow of a contact form. Hence, there exist
positive Legendrian isotopies connecting τ−ε(L1) to τε(L2) and τ−ε(L2)
to τε(L1). Since L1 ∩ L2 = ∅, it follows that for a sufficiently small
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ε > 0, we can apply contactomorphisms supported near L1 and L2 to
these isotopies and obtain positive Legendrian isotopies connecting L1
to L2 and L2 to L1. Hence, L1 Î L2 and L2 Î L1, which is impossible
because L is orderable. 
Remark 2.9. The same argument shows that if L2 does not intersect
a given neighbourhood of L1 in the contact manifold, then it cannot lie
in the interval
(
τ−ε(L1), τε(L1)
)
for any sufficiently small ε > 0. (As-
suming, of course, that the Legendrian isotopy class of L1 is orderable.)
2.5. Interval topology on contactomorphisms. Let C be a con-
nected component of the contactomorphism group of a contact mani-
fold (Y, kerα). The interval topology on C is defined by the family of
intervals
Ia,b := (a, b) := {z ∈ C | a Î z Î b}, a, b ∈ C.
The interval topology on the universal cover of C is defined in the same
way using the lifted relation.
This topology is invariant with respect to the left and right action of
Cont0(Y, kerα) as well as conjugation by arbitrary contactomorphisms
(whenever it preserves C).
Proposition 2.10. Let C be a connected component of the contacto-
morphism group of a closed contact manifold. Suppose that the interval
topology on the (universal cover) of C is Hausdorff. Then C is (uni-
versally) orderable.
Proof. If C is not (universally) orderable, then it contains a (con-
tractible) positive loop of contactomorphisms by [14, Criterion 1.2.C].
Any two elements on (the lift of) such a loop cannot have disjoint
neighbourhoods in the interval topology. 
The Hausdorff property is inherited by contactomorphisms from Leg-
endrians in the same way as orderability.
Proposition 2.11. Suppose that a contact manifold (Y, kerα) con-
tains an isotopy class of closed Legendrians on (the universal cover of )
which the interval topology is Hausdorff. Then the interval topology is
Hausdorff on (the universal cover of ) Cont0(Y, kerα).
Proof. Let us show that if ψ ∈ Cont0(Y, kerα) cannot be separated
from the identity id ∈ Cont0(Y, kerα), then ψ(L) cannot be separated
from L for any closed Legendrian L ⊂ Y . Indeed, for any intervals
I1, I2 ⊂ Leg(L) such that L ∈ I1 and ψ(L) ∈ I2, there exists a small
ε > 0 such that τ±ε(L) ∈ I1 and τ±ε(ψ(L)) ∈ I2, where τt, t ∈ R, is
the Reeb flow of the contact form α. Hence, I1 ⊃ (τ−ε(L), τε(L)) and
I2 ⊃ (τ−ε(ψ(L)), τε(ψ(L))) by the transitivity of Î.
Now take ϕ ∈ Cont0(Y, kerα) from the intersection of the intervals
(τ−ε, τε) ∋ id and (τ−ε ◦ ψ, τε ◦ ψ) ∋ ψ. Then ϕ(L) ∈ I1 ∩ I2. The same
argument works mutatis mutandis for the universal covers. 
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Remark 2.12. There is an a priori different way to introduce a topol-
ogy of this type on contactomorphisms. Namely, if C is a connected
component of the contactomorphism group, the map ϕ 7→ Γϕ from
Remark 2.3 embeds it into a Legendrian isotopy class in Y × Y × R.
The topology induced from the interval topology on Legendrians by
this embedding is formally rougher than the interval topology on C.
3. 1-jet bundles and spherical cotangent bundles
3.1. Minimax invariants from generating functions. Let J 1(L)
denote the 1-jet bundle of a closed connected manifold L equipped with
the standard contact form du− λcan, where u is the fibre coordinate in
J 0(L) and λcan is the Liouville form on T
∗L.
Let Λ ⊂ J 1(L) be a Legendrian submanifold. A function
S = S(q, ξ) : L× RN → R
is a generating function for Λ if zero is a regular value of the partial
differential dξS and the map
{dξS(q, ξ) = 0} ∋ (q, ξ) 7−→ (q, dqS(q, ξ), S(q, ξ)) ∈ J
1(L) (3.1)
is a diffeomorphism onto Λ. A generating function is said to be qua-
dratic at infinity if S(q, ξ) = Q(ξ) + σ(q, ξ), where σ has compact
support and Q(·) is a non-degenerate quadratic form in the variable ξ.
For a quadratic at infinity function S : L× RN → R, let
Sc := {(q, ξ) ∈ L× RN | S(q, ξ) ≤ c}
be its sublevel sets and denote by S−∞ the set Sc for a sufficiently
negative c ≪ 0. Following Viterbo [32, §2], one can use homology
relative to S−∞ to select special critical values c±(S) of S.
Let RN = V+ × V− be a decomposition into linear subspaces such
that Q is positive definite on V+ and negative definite on V−. Consider
the relative Z/2-homology classes
[L× V−] ∈ Hν+dimL(L× R
N , S−∞;Z/2)
and
[{q0} × V−] ∈ Hν(L× R
N , S−∞;Z/2),
where ν = dim V− and q0 is any point in L. Define
c+(S) := inf
{
c ∈ R | [L× V−] ∈ ı∗Hν+dimL(S
c, S−∞;Z/2)
}
and
c−(S) := inf
{
c ∈ R | [{q0} × V−] ∈ ı∗Hν(S
c, S−∞;Z/2)
}
,
where the map ı∗ : H∗(S
c, S−∞;Z/2) → H∗(L × R
N , S−∞;Z/2) of rel-
ative homology groups with Z/2 coefficients is induced by the inclu-
sion ı : Sc → L× RN .
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It follows from the definitions that c±(S) may also be defined by
minimax. Namely,
c+(S) = min
V+
max
L×{v+}×V−
S(q, v+, v−)
and
c−(S) = min
L×V+
max
{q}×{v+}×V−
S(q, v+, v−).
Example 3.1. Let Λf := {(q, df(q), f(q)) | q ∈ L} ⊂ J 1(L) be the
graph of the 1-jet of a smooth function f : L→ R. Then
c−(S) = min
L
f and c+(S) = max
L
f
for any quadratic at infinity generating function S : L×RN → R of the
Legendrian submanifold Λf ⊂ J 1(L). In particular, c+(S) = c−(S) = c
if S generates the graph of the 1-jet of the constant function f ≡ c.
Lemma 3.2 (cf. [32, Corollary 2.3]). Let S be a quadratic at infinity
generating function of a closed connected Legendrian submanifold Λ.
If c+(S) = c−(S) = c, then Λ = Λ
c = {(q, 0, c) | q ∈ L} is the graph of
the 1-jet of the constant function f ≡ c.
Proof. For every q ∈ L, it follows from the assumption and the minimax
characterisation of c± that
c = c+(S) ≥ min
V+
max
{q}×{v+}×V−
S(q, v+, v−) ≥ c−(S) = c.
Thus, c is a critical value of the restriction of S to each fibre {q}×RN .
A point at which it is attained is a critical point of S. Hence, Λ ⊇ Λc
by formula (3.1). Since Λ and Λc are closed connected submanifolds of
the same dimension, this implies that Λ = Λc. 
By Chekanov’s theorem [6], for any Legendrian isotopy {Λt}t∈[0,1] of
the zero section in J 1(L), there exists a smooth family of quadratic at
infinity generating functions St : L×R
N → R for Λt. Furthermore, this
family is unique up to stabilisations and fibrewise diffeomorphisms by
the Viterbo–The´ret theorem [32, 30, 31]. Therefore, for a Legendrian
submanifold Λ in the Legendrian isotopy class of the zero section, one
can define
c±(Λ) := c±(S)
for any quadratic at infinity generating function of Λ obtained by
Chekanov’s theorem.
3.2. Interval topology on Leg(Λ0). On the 1-jet bundle J 1(L) of a
closed connected manifold L, let
τr(q, p, u) := (q, p, u+ r)
be the shift by r ∈ R in the u-direction, i.e. the time-r map of the Reeb
flow for the standard contact form. Every Legendrian submanifold
Λ ⊂ J 1(L) is obviously contained in the interval between τ−r(Λ) and
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τr(Λ) for any r > 0. Another trivial observation is that if S is a
generating function for Λ, then S+r is a generating function for τr(Λ).
In particular, we have c±(τr(Λ)) = c±(Λ) + r for any Λ ∈ Leg(Λ
0).
Theorem 3.3. The interval topology is Hausdorff on the Legendrian
isotopy class of the zero section in J 1(L).
Proof. Suppose that Λ1,Λ2 ∈ Leg(Λ
0) do not have disjoint open neigh-
bourhoods for the interval topology. Applying a global contact isotopy,
we may assume that Λ1 is the zero section itself. For every ε > 0, there
must then exist a Legendrian Λ ∈ Leg(Λ0) such that
τ−ε(Λ
0) Î Λ Î τε(Λ
0)
and
τ−ε(Λ2) Î Λ Î τε(Λ2).
By [8, Lemma 5.2], the minimax invariants c± are non-decreasing along
a non-negative Legendrian isotopy. Hence,
−ε ≤ c±(Λ) ≤ ε
and
c±(Λ2)− ε ≤ c±(Λ) ≤ c±(Λ2) + ε.
It follows that
−2ε ≤ c±(Λ2) ≤ 2ε
for all ε > 0. Thus,
c±(Λ2) = 0
and Λ2 coincides with the zero section by Lemma 3.2. 
Corollary 3.4. The interval topology is Hausdorff on the identity com-
ponent Cont0
(
J 1(L), ker(du− λcan)
)
for every closed manifold L.
Proof. Follows from Theorem 3.3 and Proposition 2.11. 
Example 3.5. (i) Let Y ∼= T ∗L × S1 be the quotient of J 1(L) by
the Z-action generated by τ1 with the contact form induced by du −
λcan. The Reeb flow of this form on Y is periodic. Hence, the interval
topology is not Hausdorff on Cont0(Y ). However, it is not hard to
deduce from Theorem 3.3 and the covering homotopy theorem that the
interval topology is Hausdorff on the universal cover of the Legendrian
isotopy class of the projection of the zero section to Y and therefore
on C˜ont0(Y ).
(ii) If one is willing to consider one-dimensional contact manifolds,
it is possible to take L = {pt} in (i). Then J 1(L) = R and Y = S1.
A co-oriented contact structure in this dimension is just an orientation.
A connected Legendrian submanifold is a point and its Legendrian iso-
topy class is the connected component of the ambient manifold. The
relation Î defines the usual order on R and the cyclic order on S1.
Hence, the interval topology on S1 is clearly non-Hausdorff but it be-
comes Hausdorff on the universal cover.
10 CHERNOV & NEMIROVSKI
Generating functions methods developed in [32] and adapted to the
contact case in [8] may also be used to show that the interval topology
extends the topology of uniform convergence on ‘potentials’, i.e. on
smooth functions corresponding to Legendrian graphs in J 1(L).
Proposition 3.6. The interval topology on Leg(Λ0) induces the topol-
ogy of uniform convergence on the space of smooth functions on L via
the embedding
C∞(L) ∋ f 7−→ Λf ∈ Leg(Λ0).
Proof. If f, g ∈ C∞(L), then f ≤ g pointwise on L if (and, obviously,
only if) Λf 4 Λg by [8, Corollary 5.4]. Hence, |f − g| < ε on L if and
only if τ−ε(Λ
g) Î Λf Î τε(Λ
g), and the result follows. 
Remark 3.7. Shelukhin [29] used the Hofer distance functional [18]
to define a norm on Cont0(Y, kerα). This norm is not conjugation in-
variant (in that case it would have to be discrete [15]) but it defines
an invariant topology on Cont0(Y, kerα) by [29, Lemma 10]. The as-
sociated analogue of Chekanov’s metric [7] considered by Rosen and
Zhang [28] defines a Cont0(Y, kerα)-invariant topology on Legendrian
isotopy classes in Y . Proposition 3.6 implies that those topologies
coincide with the interval topology ‘infinitesimally’. However, their
global behaviour seems to be different. For instance, Shelukhin’s norm
is non-degenerate for every closed contact manifold and therefore the
topology defined by it is always Hausdorff.
3.3. Interval topology on Leg(ST ∗{pt}M). As in [8, §6] and [12], let
us combine the results of §3.2 for L = Sn−1 with the ‘hodograph’
contactomorphism
J 1(Sn−1)
∼=
−→ ST ∗Rn
taking the zero section to a fibre.
Corollary 3.8. The interval topology is Hausdorff on the Legendrian
isotopy class of the fibre of ST ∗Rn.
Lemma 3.9. Let M˜ be a connected smooth cover of a manifold M
with dimM ≥ 2. Assume that the interval topology is Hausdorff on the
Legendrian isotopy class of the fibre of ST ∗M˜ . Then the same holds
for ST ∗M .
Remark 3.10. Taking M = S1 and M˜ = R shows that assuming
dimM ≥ 2 is necessary, cf. Example 3.5(ii).
Proof of the lemma. Let p : M˜ → M be the covering map and P :
ST ∗M˜ → ST ∗M the induced projection of the spherical cotangent
bundles. Fix a contact form α defining the standard contact structure
on ST ∗M . Then α˜ = P ∗α is a contact form defining the standard
contact structure on ST ∗M˜ . The Reeb flows τs and τ˜s associated to α
and α˜ satisfy P ◦ τ˜s = τs, s ∈ R.
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Pick a point x ∈ M and let x˜j , j ≥ 1, be its pre-images in M˜ . Set
F = ST ∗xM and F˜j = ST
∗
x˜j
M˜ . Since Leg(F˜1) is orderable by Proposi-
tion 2.6, there does not exist a non-constant non-negative Legendrian
loop based at F˜1. Furthermore, there does not exist a non-negative
isotopy from F˜j to F˜k in ST
∗M˜ for j 6= k because a contactomorphism
interchanging these two fibres (induced by a diffeomorphism of M˜ in-
terchanging their base points) would map it to a non-negative isotopy
from F˜k to F˜j and the concatenation of the two isotopies would be a
non-constant non-negative loop in the fibre class.
Suppose now that the interval topology is not Hausdorff on Leg(F ).
By Proposition 2.7, there exists a Legendrian L 6= F ∈ Leg(F ) con-
tained in every interval of the form
(
τ−ε(F ), τε(F )
)
, ε > 0. In other
words, for every ε > 0, there exists a positive Legendrian isotopy from
τ−ε(F ) to τε(F ) passing through L. By the covering homotopy theo-
rem, this isotopy lifts to a positive Legendrian isotopy from τ˜−ε(F˜1) to
τ˜ε(F˜k) for some k ≥ 1 passing through a Legendrian lift L˜ε of L.
Note first that if k 6= 1 for small enough ε, then since F˜k ∩ F˜1 = ∅,
it would follow from the argument in the proof of Proposition 2.7 that
there is a positive isotopy from F˜1 to F˜k, which is impossible. Hence,
L˜ε ∈
(
τ˜−ε(F˜1), τ˜ε(F˜1)
)
for all sufficiently small ε. Using Remark 2.9,
we see that L˜ε must then intersect a fixed small neighbourhood of F˜1 in
ST ∗M˜ . However, there are only finitely many lifts of L to ST ∗M˜ with
that property. Thus, at least one such lift is contained in arbitrarily
small interval neighbourhoods of the fibre F˜1, which contradicts the
assumption of the lemma. 
From Lemma 3.9 and Corollary 3.8, we obtain the following (poten-
tial) improvement of the orderability result in [8, Corollary 6.2].
Theorem 3.11. The interval topology is Hausdorff on the Legendrian
isotopy class of the fibre of ST ∗M for any manifoldM smoothly covered
by an open subset of Rn, n ≥ 2.
Remark 3.12. The theorem applies to every surface other than S2
and RP2 and to every compact three-manifold other than a quotient
of S3 by a finite group of isometries of the standard round metric, see
the discussion starting at the bottom of p. 1321 in [8].
Proposition 2.11 shows now that the interval topology on contacto-
morphisms is Hausdorff for another class of contact manifolds.
Corollary 3.13. The interval topology is Hausdorff on Cont0(ST
∗M)
for any manifold M smoothly covered by an open subset of Rn, n ≥ 2.
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4. Relation to Lorentz geometry
4.1. Causality and Alexandrov topology. A spacetime is a con-
nected Lorentz manifold (X , 〈 , 〉) equipped with a time-orientation,
that is, a continous choice of the future hemicone
C↑x ⊂ {v ∈ TxX | 〈v, v〉 ≥ 0, v 6= 0}
in the cone of non-spacelike vectors at each point x ∈ X . (We are
assuming that the Lorentz metric has signature (+,−, . . . ,−) so that
〈v, v〉 > 0 for timelike vectors and 〈v, v〉 < 0 for spacelike vectors.) The
vectors in C↑x are called future-pointing. A piecewise smooth curve in
X is future-directed if all its tangent vectors are future-pointing.
The causality relation ≤ on X is defined by setting x ≤ y if either
x = y or there is a future-directed curve connecting x to y. The
chronology relation ≪ is defined similarly by writing x≪ y if there is
a future-directed timelike curve connecting x to y.
X is called causal if it does not contain closed future-directed curves.
(This is equivalent to requiring that ≤ is a partial order.) X is strongly
causal if every point has an arbitrarily small neighbourhood such that
every future-directed curve intersects it at most once.
The Alexandrov topology on X is the interval topology associated to
the chronology relation. (It is named after Alexander D. Alexandrov
and must not be confused with the Alexandrov topology on posets
named after Pavel S. Alexandrov.) This topology was introduced by
Kronheimer and Penrose who proved the following result (see [26, The-
orem 4.24] or [2, Proposition 3.11]).
Proposition 4.1. The Alexandrov topology on a spacetime X is Haus-
dorff if and only if X is strongly causal. In that case the Alexandrov
topology coincides with the manifold topology on X .
Let us point out that assuming strong causality is important here.
For instance, the Alexandrov topology is not Hausdorff on the causal
spacetime shown in [17, Figure 38]. (The points on the dashed null
geodesic do not have disjoint interval neighbourhoods.) However, in
contrast to Proposition 2.7, the Alexandrov topology in that example
is nevertheless T0 and even T1. At the same time, causality may be
equivalent to strong causality under additional compactness assump-
tions, see e.g. [4].
Remark 4.2. It is unclear whether a useful analogue of strong causal-
ity can be defined for a Legendrian isotopy class L. Such a definition
would require a background topology on L playing the role of the man-
ifold topology on X . That topology should be Hausdorff but not ‘too
fine’ compared to the interval topology, lest the notion become vac-
uous. For instance, it is easy to see (e.g. by considering wavefronts
with swallowtails) that no Legendrian isotopy class can be ‘strongly
orderable’ with respect to the Ck-topology for any k ≥ 0.
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4.2. Null geodesics, skies, and contact geometry. Suppose now
that X is a globally hyperbolic spacetime, i.e. it is strongly causal and
the causal segments {z ∈ X | x ≤ z ≤ y} are compact for all x, y ∈ X .
By the Bernal–Sa´nchez smooth splitting theorem [3], a globally hyper-
bolic spacetime is foliated by smooth spacelike Cauchy (hyper)surfaces,
where a Cauchy surface is a subset of a spacetime such that every in-
extendible future-directed curve intersects it exactly once.
The space of null geodesics of X is the setNX of equivalence classes of
inextendible future-directed null geodesics up to an orientation preserv-
ing affine reparametrisation. This space carries a canonical structure of
a contact manifold contactomorphic to the spherical cotangent bundle
of a Cauchy surface in X , see e.g. [25, pp. 252–253] or [11, §§1-2].
The set Sx ⊂ NX of all null geodesics passing through a point x ∈ X
is a Legendrian sphere in NX called the sky (or the celestial sphere)
of that point, see [8, §4]. Since X is connected, all skies lie in the
same Legendrian isotopy class. For any Cauchy surface M ⊂ X , the
associated contactomorphism ρM : NX
∼=
−→ ST ∗M takes the sky of a
point x ∈ M to the fibre ST ∗xM and so maps the Legendrian isotopy
class of skies to the Legendrian isotopy class of the fibre.
A conformal (or, equivalently, causal [24]) isomorphism f : X → X ′
maps null pregeodesics to null pregeodesics [2, Lemma 9.17]. Hence, it
induces a contactomorphism f∗ : NX → NX ′ such that f∗(Sx) = Sf(x).
The map x 7→ Sx is compatible with the relations ≪ and ≤ on X
and Î and 4 on the Legendrian isotopy class of skies. For ≤ and 4,
this was pointed out in [8] and elaborated upon in [1].
Proposition 4.3. The Legendrian isotopy Sβ(t) corresponding to a
curve β : (a, b)→ X is non-negative (respectively, positive) if and only
if that curve is future-directed (respectively, future-directed timelike).
Proof. For the sake of completeness, we give a short proof by com-
putation using the notation and formulas from [11]. (See [8, §4] for a
geometric argument and [1, Corollary 3] for another computation. Note
that both references used the opposite convention for the signature of
the Lorentz metric, which ‘reversed’ the relations.)
Let ℓt : S → NX , t ∈ (a, b), be a parametrisation of the Legendrian
isotopy Sβ(t). (Here S denotes the sphere of dimension dimX − 2.)
Given (t0, ζ) ∈ (a, b)× S, let
v = v(t0, ζ) :=
d
dt
∣∣∣∣
t=t0
ℓt(ζ) ∈ TNX
and choose a family of future-directed null geodesics γs : (−1, 1)→ X ,
s ∈ (−ε, ε), so that γs(0) = β(t0 + s) and the maximal extension of γs
represents the equivalence class ℓt0+s(ζ) in NX . The Jacobi vector field
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of this family at the point x = β(t0) = γ0(0) is then
J(x) =
d
ds
∣∣∣∣
s=0
γs(0) = β˙(t0). (4.1)
Take a spacelike Cauchy surfaceM passing through the point x = β(t0)
and let αM be the associated contact form on NX . Plugging (4.1) into
the formula for αM(v) on p. 381 in [11], we obtain
αM(v) =
〈
γ˙0(0), β˙(t0)
〉
〈
γ˙0(0), nM(x)
〉 , (4.2)
where nM is the future-pointing unit normal vector to M .
A vector in a time-oriented Lorentz vector space is future-pointing
(respectively, future-pointing timelike) if and only if its scalar prod-
uct with every future-pointing null vector is non-negative (respectively,
positive). Thus, the denominator in (4.2) is positive. Furthermore,
since ℓt0 : S → NX parametrises the sky of x = β(t0), the tangent vec-
tor γ˙0(0) runs through all null directions in C
↑
x as ζ ∈ S varies. Hence,
αM(v) ≥ 0 (respectively, > 0) for all v = v(t0, ζ) if and only if β˙(t0)
is future-pointing (respectively, future-pointing timelike). 
Corollary 4.4. x ≤ y =⇒ Sx 4 Sy and x≪ y =⇒ Sx Î Sy
The converse implications do not hold for certain (somewhat special)
spacetimes, see e.g. [9, Example 10.5]. This problem does not occur if
the Legendrian isotopy class of skies is orderable.
Proposition 4.5. Suppose that the Legendrian isotopy class of skies in
NX is orderable. Then Sx 4 Sy =⇒ x ≤ y and Sx Î Sy =⇒ x≪ y.
Proof. The claim about ≤ and 4 was proved in [10, Proposition 1.3].
If Sx Î Sy, then Sx′ Î Sy for all points x
′ in a small neighbourhood
of x in X because the sky depends smoothly on the point and Î is open
in the smooth topology. So x′ ≤ y for all such points by the previous
case. Hence, we can pick x′ so that x ≪ x′ and x′ ≤ y. This implies
that x≪ y by [26, Proposition 2.18]. 
Corollary 4.6. Suppose that the Legendrian isotopy class of skies in
NX is orderable. The interval topology on this Legendrian isotopy class
induces the usual manifold topology on X via the embedding x 7→ Sx.
Proof. It follows from Corollary 4.4 and Proposition 4.5 that the in-
terval topology induces the Alexandrov topology on X . A globally
hyperbolic spacetime is strongly causal, so the Alexandrov topology
coincides with the manifold topology by Proposition 4.1. 
Remark 4.7. The Legendrian isotopy class of skies or, equivalently,
the Legendrian isotopy class of the fibre of ST ∗M for a Cauchy surface
M ⊂ X is orderable if the universal cover M˜ is non-compact by [9,
Remark 8.2] or the integral cohomology ring of M˜ is not isomorphic
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to that of a compact rank one symmetric space by [16, Theorem 1.2]
combined with [10, Proposition 4.7]. In the remaining cases, one can
use the fact that this Legendrian isotopy class is always universally
orderable by [10, Theorem 1.1] and obtain a substitute for Corollary 4.6
by considering the map x˜ 7→ S˜x˜ from the (finite) universal cover X˜ of
the spacetime X to the universal cover of the Legendrian isotopy class
of skies in NX˜ , cf. [10, §1.2].
4.3. Interval completion of a globally hyperbolic spacetime.
Let now X be a globally hyperbolic spacetime such that
(∗)
the interval topology is Hausdorff on the Legendrian
isotopy class in NX containing the skies of points in X .
In particular, this Legendrian isotopy class is orderable by Proposi-
tion 2.6. Theorem 3.11 guarantees that condition (∗) is satisfied if a
smooth spacelike Cauchy surface M ⊂ X is smoothly covered by an
open subset of Rn, and Remark 3.12 shows that this assumption is not
too restrictive for (2 + 1)- and (3 + 1)-dimensional spacetimes.
Let us define the interval completion of X by setting
X̂ := {Sx | x ∈ X},
where the closure is taken with respect to the interval topology on the
Legendrian isotopy class of skies in NX . In other words, a point in X̂
is a Legendrian sphere in the space of null geodesics such that there
is a sequence of skies of points in X converging to it in the interval
topology. The interval boundary of X is the difference
∂X := X̂ − {Sx | x ∈ X}.
The definition of X̂ and the results collected in the previous subsec-
tion have the following immediate consequences:
(1) X̂ is a Hausdorff topological space.
(2) The map x 7→ Sx is an open embedding of X into X̂ .
(3) The relations Î and 4 on X̂ restrict to ≪ and ≤ on X .
(4) Every causal isomorphism f : X → X ′ extends to a causal
isomorphism f̂ : X̂ → X̂ ′.
Another basic corollary is that a point of X̂ lies in ∂X if (and, obvi-
ously, only if) it doesn’t have either a past or a future in X .
Proposition 4.8. If L ∈ ∂X , then at most one of the sets
I+X (L) := {x ∈ X | L Î Sx} and I
−
X (L) := {x ∈ X | Sx Î L}
is nonempty.
Proof. Suppose that there exist x± ∈ I
±
X (L). Let xn, n → ∞, be
a sequence of points in X such that their skies converge to L in the
interval topology. Then Sx− Î Sxn Î Sx+ for all large n. Hence,
x− ≪ xn ≪ x+ by Proposition 4.5 and therefore xn is contained in
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the compact causal segment {z ∈ X | x− ≤ z ≤ x+}. Thus, there is a
subsequence converging to a point x ∈ X . The corresponding sequence
of skies will converge to Sx 6= L, which contradicts the uniqueness of
limit in a Hausdorff space. 
Finally, let us show that the interval boundary differs from the clas-
sical causal boundary [17, §6.8] and from the boundary defined by
Low [23, §6] already in the simplest example.
Proposition 4.9. Let X = R1,n be the flat Minkowski spacetime. Then
X̂ = X and ∂X = ∅.
Proof. Consider the Cauchy surface M = {0} × Rn ⊂ R1,n and the
associated contactomorphism
ρM : NR1,n
∼=
−→ ST ∗Rn.
By definition, ρM maps the sky of a point (t, y) ∈ R
1,n to the fibre
ST ∗yR
n for t = 0 and to the Legendrian lift of the (n − 1)-sphere
S(y, |t|) = {y′ ∈ Rn | ‖y′ − y‖ = |t|} co-oriented inwards for t < 0
and outwards for t > 0. If (t, y) → ∞ in R1,n, then a straightforward
computation shows that the minimax invariants c± of the image of
ρM(S(t,y)) under the hodograph contactomorphism
ST ∗Rn
∼=
−→ J 1(Sn−1)
satisfy |c+| + |c−| → ∞, see [8, §6]. Hence, the skies of such points
cannot be contained in any fixed interval by the monotonicity of c±. 
References
[1] A. Bautista, A. Ibort, J. Lafuente, On the space of light rays of a spacetime
and a reconstruction theorem by Low, Classical Quantum Gravity 31 (2014),
075020, 24 pp.
[2] J. K. Beem, P. E. Ehrlich, K. L. Easley, Global Lorentzian geometry, Second
edition. Monographs and Textbooks in Pure and Applied Mathematics 202,
Marcel Dekker, Inc., New York, 1996.
[3] A. Bernal, M. Sa´nchez, On smooth Cauchy hypersurfaces and Geroch’s splitting
theorem, Comm. Math. Phys. 243 (2003), 461–470.
[4] A. Bernal, M. Sa´nchez, Globally hyperbolic spacetimes can be defined as
“causal” instead of “strongly causal”, Classical Quantum Gravity 24 (2007),
745–750.
[5] M. Bhupal, A partial order on the group of contactomorphisms of R2n+1 via
generating functions, Turkish J. Math. 25 (2001), 125–135.
[6] Yu. V. Chekanov, Critical points of quasifunctions, and generating families
of Legendrian manifolds, Funktsional. Anal. i Prilozhen. 30:2 (1996), 56–69
(Russian); English transl. in Funct. Anal. Appl. 30:2 (1996), 118–128.
[7] Yu. V. Chekanov, Invariant Finsler metrics on the space of Lagrangian em-
beddings, Math. Z. 234 (2000), 605–619.
[8] V. Chernov, S. Nemirovski, Legendrian links, causality, and the Low conjecture,
Geom. Funct. Anal. 19 (2010), 1320–1333.
[9] V. Chernov, S. Nemirovski, Non-negative Legendrian isotopy in ST ∗M , Geom.
Topol. 14 (2010), 611–626.
INTERVAL TOPOLOGY IN CONTACT GEOMETRY 17
[10] V. Chernov, S. Nemirovski, Universal orderability of Legendrian isotopy
classes, J. Symplectic Geom. 14 (2016), 149–170.
[11] V. Chernov, S. Nemirovski, Redshift and contact forms, J. Geom. Phys. 123
(2018), 379–384.
[12] V. Colin, E. Ferrand, P. Pushkar, Positive isotopies of Legendrian submanifolds
and applications, Int. Math. Res. Not. IMRN (2017), no. 20, 6231–6254.
[13] Y. Eliashberg, S. S. Kim, L. Polterovich, Geometry of contact transformations
and domains : orderability versus squeezing, Geom. Topol. 10 (2006), 1635–
1747.
[14] Y. Eliashberg, L. Polterovich, Partially ordered groups and geometry of contact
transformations, Geom. Funct. Anal. 10 (2000), 1448–1476.
[15] M. Fraser, L. Polterovich, D. Rosen, On Sandon-type metrics for contactomor-
phism groups, Ann. Math. Qubec (2017), DOI 10.1007/s40316-017-0092-z
[16] U. Frauenfelder, C. Labrousse, F. Schlenk, Slow volume growth for Reeb
flows on spherizations and contact Bott–Samelson theorems, J. Topol. Anal. 7
(2015), 407–451.
[17] S. W. Hawking, G. F. R. Ellis, The large scale structure of space-time, Cam-
bridge Monographs on Mathematical Physics, No. 1, Cambridge University
Press, London–New York, 1973.
[18] H. Hofer, On the topological properties of symplectic maps, Proc. Roy. Soc.
Edinburgh Sect. A 115 (1990), 25–38.
[19] E. H. Kronheimer, R. Penrose, On the structure of causal spaces, Proc. Cam-
bridge Philos. Soc. 63 (1967), 481–501.
[20] G. Liu, On positive loops of loose Legendrian embeddings, Preprint
arXiv:1605.07494.
[21] R. J. Low, Causal relations and spaces of null geodesics, DPhil Thesis, Oxford
University (1988).
[22] R. J. Low, The space of null geodesics, Proceedings of the Third World Con-
gress of Nonlinear Analysts, Part 5 (Catania, 2000). Nonlinear Anal. 47 (2001),
3005–3017.
[23] R. J. Low, The space of null geodesics (and a new causal boundary), Lecture
Notes in Physics 692, Springer, Berlin Heidelberg New York, 2006, pp. 35–50.
[24] D. B. Malament, The class of continuous timelike curves determines the topol-
ogy of spacetime, J. Mathematical Phys. 18 (1977), 1399–1404.
[25] J. Nata´rio, P. Tod, Linking, Legendrian linking and causality, Proc. London
Math. Soc. (3) 88 (2004), 251–272.
[26] R. Penrose, Techniques of differential topology in relativity, Conference Board
of the Mathematical Sciences Regional Conference Series in Applied Mathe-
matics, No. 7. Society for Industrial and Applied Mathematics, Philadelphia,
Pa., 1972.
[27] R. I. Pimenov, Spaces of kinematic type (a mathematical theory of space-time),
Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 6 (1968)
(Russian); English transl.: Kinematic spaces, Seminars in Mathematics, V. A.
Steklov Mathematical Institute, Leningrad, Vol. 6, Consultants Bureau, New
York–London, 1970.
[28] D. Rosen, J. Zhang, Chekanov’s dichotomy in contact topology, Preprint
arXiv:1808.08459.
[29] E. Shelukhin, The Hofer norm of a contactomorphism, J. Symplectic Geom.
15 (2017), 1173–1208.
[30] D. The´ret, Utilisation des fonctions ge´ne´ratrices en ge´ome´trie symplectique
globale, PhD Thesis, Universite´ Denis Diderot (Paris 7), 1995.
18 CHERNOV & NEMIROVSKI
[31] D. The´ret, A complete proof of Viterbos uniqueness theorem on generating
functions, Topology Appl. 96 (1999), 249–266.
[32] C. Viterbo, Symplectic topology as the geometry of generating functions, Math.
Ann. 292 (1992), 685–710.
Department of Mathematics, 6188 Kemeny Hall, Dartmouth Col-
lege, Hanover, NH 03755-3551, USA
E-mail address : Vladimir.Chernov@dartmouth.edu
Steklov Mathematical Institute, Gubkina 8, 119991 Moscow, Russia;
Mathematisches Institut, Ruhr-Universita¨t Bochum, 44780 Bochum,
Germany
E-mail address : stefan@mi-ras.ru
